We report the results of Monte Carlo simulations of the Lebwohl-Lasher model of nematic liquid crystals confined to cylindrical cavities with homeotropic anchoring. We show that the ratio of the bulk to surface couplings is not in general equal to the corresponding parameter K/W used in elastic theory ͑where K is the Frank elastic constant in the one-constant approximation and W is the surface anchoring strength͒. By measuring the temperature dependence of K/W ͑which is equivalent to the surface extrapolation length͒ we are able to reconcile the results of our simulations as well as others with the predictions of elastic theory. We find that the rate at which we cool the system from the isotropic to nematic phase plays a crucial role in the development of the final director structure, because of a large free energy barrier separating different director structures as well as the temperature dependence of K/W. With a suitably fast cooling rate we are able to keep the system out of a metastable planar state and form an escaped radial structure for large enough systems.
I. INTRODUCTION
The properties of nematic liquid crystals in confined geometries continue to be an interesting problem for both basic science and technological reasons ͓1͔. Nematics confined to cylindrical cavities with homeotropic radial boundary conditions can exhibit a variety of nontrivial structures depending on the competition between bulk elastic and surface energies. By minimizing the Frank elastic free energy Cladis and Kleman ͓2͔ and Meyer ͓3͔ showed that for a cylinder with a sufficiently large radius an escaped radial ͑ER͒ configuration will form. This configuration can be thought of as a planar radial ͑PR͒ structure ͑i.e., a disclination line͒ that has ''escaped'' along the axis of the cylinder ͑see Fig. 1͒ . Later studies ͓4͔ showed the possibility of additional structures including planar polar ͑PP͒ and planar polar with two line defects ͑PPLD͒. In these latter configurations the director lies in a plane perpendicular to the axis of the cylinder with a strong component along a single in-plane direction ͑see Fig.  2͒ . In the PP structure the local director is uniform near the axis of the cylinder and radial at the boundary. In the PPLD structure there are two half-integer disclination lines parallel to the cylinder axis.
Kralj and Ž umer ͓5͔ carried out a very complete numerical stability analysis of the various nematic structures in a cylindrical geometry by minimizing the Frank elastic energy ͑including the saddle-splay elastic constant K 24 ). For most values of the elastic constants they found a phase diagram with ER and PP structures, with the ER structure stable for large radii and/or strong anchoring. In particular, if the bend and splay elastic constants are equal and K 24 ϭ0, then the ER structure should form when RW/K exceeds about 27 ͓6͔, where R, W, and K are the cylinder radius ͑measured in units of intermolecular spacing͒, surface anchoring strength, and Frank elastic constant, respectively. However, a PR structure appears if the twist constant is very large compared with splay. They also found that the PPLD structure can be stabilized if K 24 is nearly zero, R is approximately 100, and the half-integer defect lines are separated by a distance approximately equal to the diameter of the cylinder. An analytic study of these director structures was carried out by Burylov ͓7͔ with similar results.
Monte Carlo ͑MC͒ simulations of a cylindrically confined nematic with radial homeotropic boundary conditions were first performed by Chiccoli et al. ͓8͔ using the LebwohlLasher lattice model ͓9͔. This model represents each mesogenic molecule or small group of molecules by a threedimensional spin vector. These spins are free to rotate about their centers, which are fixed on the sites of a lattice. Spins whose distance r from the center of the cylinder is less than R, the radius of the cylinder, interact with their nearest neighbors through the usual bulk Lebwohl-Lasher pair potential,
where i j is the angle between two spins i and j, P 2 is a second rank Legendre polynomial, and ⑀ b is a positive constant for nearest-neighbor sites and zero otherwise. The homeotropic surface anchoring is introduced via a group of boundary layer spins located at distances RϽrϽR c which point in a fixed radial direction. The interaction of these spins with the spins inside the cylinder is described by the potential
FIG. 1. Schematic director pattern in the ͑a͒ escaped radial and ͑b͒ planar radial configurations. The cylinder axis is vertical in ͑a͒ and perpendicular to the page in ͑b͒.
PHYSICAL REVIEW E NOVEMBER 2000 VOLUME 62, NUMBER 5 PRE 62 1063-651X/2000/62͑5͒/6734͑5͒/$15.00 6734 ©2000 The American Physical Society where spin i is located inside the cylinder and spin k is the nearest-neighbor spin that belongs to the boundary layer. The coupling ⑀ s is the surface anchoring strength. The total potential energy is given by the sum of the two energies above, summed over all pairs of spins. Note that in the LebwohlLasher model, because the energy is invariant under a uniform rotation of all the spins, the bend, splay, and twist elastic constants are equal, and the saddle-splay elastic constant K 24 is identically zero. Chiccoli et al. studied cylinders of radii 6 and 11 lattice spacings and heights 40, 52, 62, and 82 lattice spacings with periodic boundary conditions along the cylinder axis. The spins were placed on the sites of a simple cubic lattice and the director structures were studied at a temperature of 0.6, measured in units of ⑀ b . Various values of the ratio of the surface anchoring strength ⑀ s to the bulk nearest-neighbor coupling ⑀ b were considered, the largest being unity. In all cases, a planar structure was observed; however, these authors did not determine whether this structure is PP or PPLD.
Subsequently Smondyrev and Pelcovits ͓10͔ carried out Monte Carlo simulations on much larger Lebwohl-Lasher systems up to radii Rϭ160, with a height of 16, again using a simple cubic lattice. For low values of the radius or anchoring strength they found a PPLD structure, whereas for RW/Kϭ160,⑀ s /⑀ b ϭ1, and a temperature of 0.9, they obtained a metastable ER configuration. But this metastable structure eventually collapsed to a planar state, apparently in contradiction with elastic theory, which ͓5͔ predicts that the ER structure should be stable when RW/K exceeds approximately 27. If we assume ͑incorrectly, as we show in Sec. II͒ that the ratio ⑀ s /⑀ b equals the corresponding Frank elastic energy ratio W/K, then Smondyrev and Pelcovits were simulating a system with RW/Kϭ160, far in excess of the critical value of 27.
Bradač et al. ͓11͔ carried out molecular dynamics simulations on cylindrically confined nematics interacting with a modified induced-dipole-induced-dipole interaction. For systems quenched from the isotropic phase to temperatures deep in the nematic phase, a phase diagram was obtained that is in reasonable agreement with the predictions of elastic theory. For the largest systems studied ͑radii of 16 lattice spacings͒ the PP, PPLD, and ER structures were observed with increasing values of the surface interaction. For the case of equal elastic constants ͑i.e., like the Lebwohl-Lasher model͒ the ER structure appears when the ratio of the surface to bulk interaction energies is 0.2. However, these simulations were carried out for only 10 000 time steps, leaving open the possibility that the ER structure ultimately collapses. Also, these simulations were carried out at apparently lower temperatures than those used in the Monte Carlo simulations.
In this paper we report the results of MC simulations of the confined Lebwohl-Lasher model which address the question of why the ER structure was not observed in previous MC simulations. We find that the ratio of the bulk to surface couplings in the Lebwohl-Lasher model, ⑀ b /⑀ s , is not equal to K/W, except at very low temperatures. The latter quantity is equivalent ͓12͔ to the surface extrapolation length b. We find that there is significant dependence of b on temperature in the Lebwohl-Lasher model; in particular, b grows as the nematic-isotropic ͑NI͒ transition temperature is approached from below ͑a feature observed in experimental studies of confined nematics ͓13,14͔͒. Thus, identifying the parameter R⑀ s /⑀ b with RW/KϵR/b is in general incorrect. Except at very low temperatures RW/K will be less than R⑀ s /⑀ b ͑sub-stantially so near the NI transition͒. Comparing the results of simulations with the predictions of elastic theory then requires consideration of this difference.
We also find, for large enough systems, that the rate at which the system is cooled from the isotropic to the nematic phase determines which director structure is ultimately observed in a simulation. Because b is large near the NI transition, a slow cooling rate will first yield a PPLD structure in this temperature range, in agreement with elastic theory which predicts that the PPLD is stable for small values of R/b. However, because of the large free energy barrier between the ER and PPLD structures, continued slow cooling to lower temperatures ͑where b is small and elastic theory predicts the appearance of the ER structure for sufficiently large R) will not yield the expected ER structure; the system becomes trapped in the metastable PPLD state. On the other hand, a relatively rapid cooling from the isotropic phase to low temperatures bypasses the PPLD state and allows the ER structure to form. To our knowledge, this is the first time a stable ER structure has been seen in a MC simulation of confined nematics.
Our paper is organized as follows. In Sec. II we describe our measurements of the surface extrapolation length and its temperature dependence. In Sec. III we report on simulations of a cylindrically confined nematic, exploring the effect of different cooling rates on the formation of the ER and PPLD structures. We offer some concluding remarks in the final section.
II. SURFACE EXTRAPOLATION LENGTH
To measure the temperature dependence of the surface extrapolation length b, we consider a modification of the discussion presented in Ref. ͓12͔, where this length is defined by examining the director profile in a nematic confined between two plates which impose a twist distortion that is uniform across the sample except near the plates. The twist geometry is appropriate for studying planar anchoring at a surface. As we are interested in homeotropic alignment we consider instead a splay geometry. As shown in Ref. ͓12͔ the extrapolation length can be defined by extrapolating the constant slope portion of the director profile corresponding to the uniform twist or splay distortion; see Fig. 3 . By minimizing the total elastic energy consisting of the bulk Frank energy in the one-elastic-constant approximation and the surface energy, it was shown in Ref. ͓12͔ that the length b so defined is related to the Frank elastic constant K and the surface energy W by bϭK/W.
We measured b defined in the above fashion in the Lebwohl-Lasher model on a cubic lattice of linear size 40. The spins on the plane zϭ39 were coupled via the homeotropic surface interaction Eq. ͑2͒ to the boundary spins on the plane zϭ40, which are aligned along the z axis. Spins on the opposite wall, zϭ0, were rigidly aligned parallel to the x axis. These spins interact with their interior neighbors via the bulk interaction Eq. ͑1͒. Periodic boundary conditions were imposed on the remaining four sides of the lattice. Starting in the isotropic phase the system was cooled down in temperature steps of 0.05. We equilibrated at least 200 000 MC steps at each value of the temperature. We display results in Fig. 3 for three values of temperature ranging from deep in the nematic phase to near the NI transition. For each value of z we plot the average value of the spin's angle with the z axis ͑averaging over all sites in the x-y plane͒. We determined b by extrapolating the linear director profile predicted by Frank elastic theory. Note that b is measured from zϭ39, the layer of spins that are coupled homeotropically to the fixed boundary spins at zϭ40. We note that b appears to diverge near the NI transition temperature in agreement with experimental results ͓13,14͔. Additional data for b as a function of T and ⑀ s are shown in Table I . As expected, b increases with decreasing surface coupling.
Strong subsurface deformation is present as indicated by the deviation of the director profile from the linear behavior predicted by Frank elastic theory. It is not clear to us what the origin of this deformation is. Previous work on subsurface deformations ͓15͔ found that the deformation arises for anisotropic interactions, which is not the case for the FIG. 3 . Measurement of the extrapolation length b in a Lebwohl-Lasher model of linear size 40 for three representative temperatures: ͑a͒ Tϭ0.5, ͑b͒ Tϭ0.85, and ͑c͒ Tϭ1.05 ͑the NI transition is at approximately 1.1͒. In each plot the average value ͑in degrees͒ of , the angle made by the spins with the z axis, is shown as a function of z, where z is measured in units of the lattice spacing. The spins at zϭ0 are rigidly aligned parallel to the x axis, while the spins at zϭ39 are coupled homeotropically with ⑀ s ϭ0.9 to the spins at zϭ40, which are aligned parallel to the z axis. Following ͓12͔ we define the extrapolation length b as shown in the figures. The solid straight lines are the best fits ͑to the eye͒ of the bulk splay distortion imposed by the boundary conditions. The numerical values of b for these three temperatures are 2.1, 6.2, and 17.3, respectively. Values for other temperatures and a smaller value of the surface coupling are given in Table I. Lebwohl-Lasher model. However, our determination of the extrapolation length b is not affected by the subsurface deformation.
It is worth commenting on the value of b that would be obtained by examining the director pattern near the strongly anchored wall zϭ0. The spins on this wall are coupled via the bulk interaction ͑with a coupling ⑀ b of unity͒ to the spins on the plane zϭ1. Thus, one can think of these latter spins as having a homotropic surface interaction with the surface at zϭ0. Extrapolating the director profile to negative z and measuring b from zϭ1 would yield a value of b comparable to that obtained at the opposite wall zϭ40. Note, however, that because the effective surface coupling ⑀ s is unity on the zϭ0 wall, the value of b extracted there will be somewhat smaller than that obtained on the opposite wall where we used ⑀ s ϭ0.9.
The strong dependence of b on temperature indicates that W, the surface energy, has a different dependence on temperature than the Frank elastic constant K. The latter was measured in the Lebwohl-Lasher model by Cleaver and Allen ͓16͔, who found it to be approximately proportional to S 2 , where S is the nematic order parameter. Experimental measurements of b ͓13͔ find that it diverges as (T NI ϪT) Ϫ1 , where T NI is the NI transition temperature, which suggests that W is proportional to S 4 . Our data are not sufficiently robust to determine the dependence of W on S.
The temperature dependence of b helps to explain the apparent discrepancy between the results of previous simulations ͓8,10͔ and elastic theory ͓4͔, summarized in Sec. I. Even at a relatively low temperature Tϭ0.6 as was used in Ref. ͓8͔, b is of order 3, and thus the elastic theory parameter RW/KϭR/b that determines the relative stability of the various director structures, is approximately one-third the value of the corresponding Lebwohl-Lasher ''bare'' parameter R⑀ s /⑀ b . Reference ͓10͔ reported on simulations carried out at Tϭ0.9 with ⑀ s /⑀ b ϭ1.0, where the Lebwohl-Lasher parameter is approximately seven times greater than RW/K. Thus the simulations carried out in that work at a value of Rϭ160 in reality correspond to RW/KϷ23, i.e., below the threshold value for the formation of the ER structure. On the other hand, the simulations of Ref. ͓11͔ were carried out deep in the nematic phase where RW/K and R⑀ s /⑀ b should be nearly equal.
III. STABILITY OF THE ER AND PPLD STRUCTURES
With the insight gained in the previous section regarding the proper comparison of simulation results with elastic theory, we carried out additional MC simulations on the Lebwohl-Lasher model confined to a cylinder. Previous simulation studies of nematics confined to cylinders ͓8,10,11͔ were done on a cubic lattice. However, this choice of lattice biases the position of the two disclination lines in the PPLD structure; in particular, they always appear on one of the two crystalline axes perpendicular to the long axis of the cylinder. In addition approximately half of the spins on the perimeter of the cylinder have two nearest-neighbor spins on the fixed boundary layer ͓see Eq. ͑2͔͒, whereas the other half have only one such nearest neighbor, resulting in a nonuniform coupling of the nematic to the cylindrical surface.
To eliminate this nonuniformity we worked instead with a honeycomb lattice. With this choice nearly all spins on the perimeter of the cylinder have only one nearest-neighbor in the boundary layer. While the honeycomb lattice does not have continuous rotational symmetry about the cylinder axis, we found that its higher symmetry about this axis ͑sixfold as compared to fourfold for the cubic lattice͒ led to the appearance of the disclination lines in the PPLD structure on axes not necessarily along the crystal lattice directions. The honeycomb lattice is bipartite, allowing us to implement a standard ''checkerboard'' algorithm ͓17͔, an efficient choice for vector processors. We divided the system into two interconnected sublattices and then alternately updated spins on each.
As in Ref. ͓10͔ we determined the nature of the resulting director structures by computing an escaped order parameter, which measures the degree of spin tilt away from the plane perpendicular to the cylinder axis, and is a sensitive measure of the presence of the ER structure. It is given by
͑3͒
where the cylinder axis is along the z direction. The escaped order parameter is calculated as a function of the distance from the center of the cylinder, and the sum is over spins in a thin annulus with the same height as the cylinder.
We explored the stability of the PPLD and ER structures for systems of two different radii, 80 and 120, both of height 16, with ⑀ s /⑀ b ϭ0.9. In Table II we tabulate the values of R/b for these two radii using the data for b from Table I . Using the table we see that elastic theory predicts that the PPLD structure should be stable for temperatures greater than approximately 0.6 and 0.7, for Rϭ80 and 120, respectively, while the ER structure should be stable at tempera- tures below these values. Note that elastic theory by its nature is unable to predict the transition temperature separating the PPLD and ER structures from the isotropic phase. Beginning in the isotropic phase at Tϭ1.4, we cooled the system of Rϭ80 in temperature steps of 0.1, equilibrating 100 000 MC steps at each temperature. At Tϭ0.9 a stable PPLD structure was formed. We checked the stability of this structure up to 500 000 MC steps. Upon further cooling down to Tϭ0.5 ͑again equilibrating 100 000 MC steps at each temperature͒ the system remained trapped in the PPLD structure even though at this lower temperature bϭ2.1 and R/b ϭ38.1, well above the threshold predicted by elastic theory for the formation of the ER structure. We found similar behavior irrespective of the cooling rate used, including instantaneous quenches directly from the isotropic phase. Conversely, if we began at Tϭ0.8 with an ER configuration constructed by hand using the mathematical form derived in Refs. ͓2,3͔, we found this state to be stable even after 500 000 MC steps. Yet for this value of T the PPLD state should be stable (R/bϭ16.0). These results suggest that there is a large free energy barrier separating the PPLD and ER structures, and the system can be trapped in either state. We found somewhat different results for the larger radius system, Rϭ120. We cooled this system down from Tϭ1.4 again in temperature steps of 0.1, equilibrating 300 000 MC steps at each value of temperature. As expected, a stable ͑up to 500 000 MC steps͒ PPLD structure was formed at T ϭ0.9 (R/bϭ16.9Ͻ27). Upon further cooling the system remained trapped in the PPLD state, just as in the case of the smaller system. However, if the same system was equilibrated 100 000 MC steps at each temperature step as it was cooled from Tϭ1.4 to Tϭ0.8, then an ER structure was formed at the latter temperature and remained stable up to 500 000 MC steps. In this case the more rapid rate of cooling allowed us to bypass the incipient PPLD structure at T ϭ0.9 and reach a stable ER structure at Tϭ0.8, bϭ5, and R/bϭ24, which is slightly below the critical value of 27 predicted by elastic theory. We suspect that our ability to form an ER structure for this system of larger radius is due to the smaller temperature range ͑0.9 to 0.75͒ where the PPLD structure is stable compared with the case of Rϭ80, where the PPLD structure, according to elastic theory and Table II , should be stable from TӍ0.9 down to TӍ0.6.
IV. CONCLUSIONS
In this paper we have addressed the question of reconciling the predictions of elastic theory with the results of numerical simulations for nematics confined to cylindrical cavities with homeotropic boundary conditions. Our main result is that care must be taken in comparing elastic theory with numerical simulations because of the strong temperature dependence of the ratio K/W, the surface extrapolation length. Except at very low temperatures, this ratio is much larger than the corresponding ''bare'' ratio of bulk and surface energies in a numerically simulated model. When this difference is taken into account, the results of numerical simulations are consistent with the predictions of elastic theory. In particular, the ER structure forms for values of RW/K above the critical value of 27 predicted by elastic theory, providing that the metastable PPLD structure can be avoided. Because K/W is very large near the NI transition, and thus RW/K is relatively small, the system will readily form a PPLD structure if it is cooled slowly from the isotropic phase. However, with rapid cooling and for large enough systems where the PPLD phase is limited in its temperature range, this state can be bypassed and a stable ER structure formed at lower temperatures where RW/K is sufficiently large.
